Abstract. Let A-be a Banach space. Let (T(t); t > 0} be a uniformly bounded semigroup of operators on X, which converges strongly to P, known to be a projection, as / goes to 0. If A is its generator and X0 [resp., X" t > 0] is the set of x for which 
resp., P,x = lim n '2 T(it)x n-»oo ,_0
exists, then, for each t > 0, P, is a bounded projection in X,; when / = 0,
X0 = N(A) © R(A)® N(P), R(P0) = N(A) and N(PJ =R(A)® N(P); when t > 0, then A-, = N(T(t) -I) © A(T(0 -/) , Ä(P,) = N(T(t) -I) and #(/>,) =R(T(t) -I)
; X, = X for all t > 0 if X is reflexive. Some results on relations among the projections P,, t > 0, are obtained. In particular, we have P, = P0 for all sufficiently small t if A is bounded.
1. Introduction. Let S = {T(/); / > 0} be a semigroup of bounded linear operators on a Banach space X. The infinitesimal generator A of S is defined as Ax = lim^JTXi) -/]x/f wherever the limit exists. Let N(A) and R(A) denote the null space and range, respectively, of A. Also we denote by R(S) the set {T(t)x; x E X, t > 0}.
If S satisfies the additional assumption that Px = lim T(t)x exists for all x £ X, (1) /-»o then P is a projection from X onto Ä(5), and T(t) = PT(0 = 7X0/* (see [3, p. 319]). Thus, we have T(t)\R(S)= T(t)P, T(t)\N(P) = 0 and T(0 = T(t)\R(S) 0 0 0 T(t) is strongly continuous; in fact, T(t)\R(S ) is a. semigroup of class (C0) in Ä(S ) with generator A \R(S ) = A. It follows that ^4 is a closed operator with £>(y4) = R(S) and Ä(^) cä(5).
The following extension of Theorem 1 with Corollary 2 of [4] (or cf. [2] ) is obtained immediately. Theorem 1.1.7/5« bounded by M > 1 and if it satisfies (1), then the set X0 of all x E X such that
exists is a closed subspace; X0 = N(A) © R(A)® N(P). P0 is a projection in X0, with range N(A) and null space R(A)(B N(P), and has norm \\P0\\ < M. In general, N(A) © R(A)cR(S); but, if X is reflexive, then they are identical and therefore X0 = X. We have R(P,) = N(At), N(P,) = R(A,) and \\P,\\ < M.
An interesting phenomenon is that for each í > 0, Pt, defined as above, is precisely the same as that defined by = Hm xr\/-(r-/)i_1x.
The invertibility of XI -(T -I) follows from Lemma 2.1. Since un < M implies ||exp(í(r -7))|| < M for all t > 0, Theorem 1.1 applies with A = T -/ and P = / so that the limits in Theorem 2.3 are also equal to the limit \im,^x(\/t)j'0 eT(T~nx dt. Therefore we have the following mean ergodic theorem for discrete semigroups. We begin with three lemmas which will be used in the proofs of the subsequent theorems. Lemma 
x belongs to X0 if and only if lim^^l
/ tn) J'g T(r)x dr exists for some increasing sequence of positive numbers [tn] which diverges to infinity and satisfies the condition that a = sup"(in + 1 -tn) < oo. For any such x and {tn}, the limit is PqX.
In particular, the assertion holds when tn = nt, which is the case we will need in the proof of Theorem 3.4.
Proof. The necessity is trivial. To show the sufficiency, let {tn} satisfy the required condition and v be the limit. Since for any t, there is an integer « such that f"_i < / < /", therefore, we have the estimate -[' T(s)xds --f'n T(s)xds t Jo tn J0
-('"T(s)xds +1-í'"T(s)xds tn Jq \t J, < 2-M be < t " t which goes to 0 as t -» oo. This means that x E X0 and y = P0x. Since the set of positive t such that T(t)x = x is a relatively closed sub-semigroup of (0, oo), and since it contains arbitrarily small numbers, it is all of (0, oo), i.e., (b) is true. (ii) C,X0 c X" C,N(Po) C N(P,), C,\R(Pt) = P0|Ä(P,) and C,\R(PQ) = /. (iii) P0X, c X" P0 = P,C,\X0 and P0\X, = P,C,|^ = C,Pt.
Proof. All the assertions follow from the two identities: PqX = PtCtx for all x E Xq, P0x = P,C,x = C,P,x for all x E *,. Proof, x G R(P,) = N(T(t) -I) for all (£(/ implies x E N(A) = R(P0), by Lemma 3.2, therefore r\{R(P,); t E U) c R(P0). But we also have R(P0) c R(P,) for all t. So, (i) is true. 
